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1. Abstract

The “all-dislocation” density (ADD) dynamics model is a continuum dislocation dynamics (CDD)
framework for simulating plastic deformation by tracking the collective motion of dislocations.
ADD can simulate plasticity while the individual dislocation lines are smeared out over hundreds
of Burgers vectors yet still capture the influence of statistically stored dislocations (SSDs) on both
short- and long-range interactions. The original formulation, which has been successfully
published, employed a Finite Difference Method (FDM) on an orthogonal mesh to solve the
kinematic ADD equations numerically. However, the geometry of an orthogonal mesh is not
compatible with the inherent symmetry of face-centred cubic (FCC) slip systems. This mismatch
requires interpolation for the computation of dislocation interactions and for the treatment of
mechanisms such as cross-slip, which may reduce the accuracy of critical plasticity processes.

In this work, we present an advancement of the ADD model through the development and
implementation of an FCC-compatible thombus mesh structure. This mesh, with internal angles
of m/3 and 2m/3, is compatible with FCC crystallography and allows slip-plane intersections to
be represented directly by the mesh. As a result, short-range interactions can be computed while
avoiding interpolation-related artifacts. Furthermore, the symmetry-compatible structure provides
a natural framework for the simulation of cross-slip.

The proposed numerical model is applied to simulate dislocation loop expansion under a constant
velocity field to provide an initial verification of the formulation and to demonstrate its potential
for future applications to 3D dislocation microstructure simulations.

2. Introduction

Dislocation plasticity models have been widely used for the simulation of the mechanical behaviour of
metal matrix composites [1]-[4]. These models range from atomistic simulations [1] such as Molecular
Dynamics (MD), to mesoscopic crystal plasticity models such as discrete dislocation dynamics (DDD) [4],
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[5] and Continuum Dislocation Dynamics (CDD) [3], up to macroscopic crystal plasticity (CP) models [2].
Models with higher fidelity usually suffer from high computational cost, while coarser models may ignore
critical physics of plasticity.

CDD models lie between DDD and CP by coarse-graining dislocations into density fields [6]-[9].
The “all-dislocation” density (ADD) dynamics model is one of the CDD frameworks capable of
simulating plasticity over a wide range of dislocation densities by tracking the evolution of the
ADD density, o(7, 0) [6, 10]. This framework can track the evolution of geometrically necessary
dislocations (GNDs) and statistically stored dislocations (SSDs) simultaneously, unlike many
other CDD models [9, 11]. The kinematic evolution law for ADD was previously solved
numerically using an orthogonal rhombus mesh structure, as presented by Kalaei et al [6]. This
rhombus mesh structure was used to simulate plasticity in 3D FCC crystals. For short-range
dislocation interactions, a cut-off radius was introduced within which dislocations from different
slip systems interact. However, this mesh structure does not consider the symmetry of FCC and
requires searching for neighboring nodes for every node when computing short-range interactions,
which is computationally expensive and may reduce accuracy. Furthermore, since slip-plane
intersections are not explicitly represented in this structure, the simulation of cross-slip is not
feasible.

Here, we show that the mesh structure formed by the traces of slip-plane intersections on a given
slip plane in FCC crystals contains angles of /3 and 2m/3. Every node in this structure carries
the density contributions of more than one slip plane. Based on this geometry, we modify the
orthogonal rhombus mesh structure of Kalaei et al. [6] to obtain a new FCC-compatible mesh
structure. In addition, dislocation loop expansion under constant velocity is simulated to provide
an initial verification of the developed numerical scheme.

3. “All-dislocation” density dynamics (ADD)

ADD is a mesoscopic plasticity model that provides a kinematically exact evolution law for
p(7,0), a dislocation density representation defined in terms of spatial position and orientation.
Ngan [10] showed that the evolution law for p(7, 8), composed of a glide and rotation term can be
written as

pa(70) = — (M)

_ (a(pawa)
dtg

glide 06 )rotation (1)

where a, v,, 7y, and w, denote, respectively, the slip plane on which the dislocations glide, the
velocity field, the direction normal to the dislocations, and the rotational velocity of the
dislocations arising from velocity gradients, given by

> 0vg (7,6)
wa(F) = =5 @)

Here, &y denotes the tangent direction to the dislocation line. This equation defines the rotational
velocity of a dislocation line as the gradient of the velocity along the tangent direction of the
dislocation. The velocity v,must, in general, be determined from dislocation interactions.
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However, the treatment of dislocation interactions for determining the velocity field is beyond the
scope of the present work.

4. FCC-compatible mesh structure

In previous work, a rhombus mesh structure was introduced to solve Eq. 1. In particular, Kalaei et
al. [6] used an orthogonal rhombus mesh where the element side lengths were identical. In this
work, we extend the framework to a non-uniform mesh structure. This mesh is composed of rhombuses
with internal angles of n/3 and 271/3, a geometry that is more compatible with the crystallographic
symmetry of FCC crystals. Specifically, this rhombus mesh structure is formed by the intersection
of slip planes on one of the primary slip planes (see Fig. 1a). Because the nodes are located exactly
at these intersections, each node inherently contains the information of several slip planes. As a
result, this geometry reduces the need to apply interpolation when computing short-range
interactions and model cross-slip.

Let points A, B, C, and D be the corners of a quadrilateral mesh element where the dislocation flux
is computed (see Fig. 1b). Following the approach of Kalaei et al. [6], an expression can be written
for the rate of change of the mobile dislocation density, p™°'¢(8), within the element ABCD. The
flux balance equations for the parallel sides AB and CD are given as follows:

Q'move(g)'ABCDﬁCOS(HEB - 91;) = —A(QU9)|EE 4)

Here, we consider a case where the length of segment CD is /3 times the length of segment AB

(ie., | CD |=+3|4B ). If we define the length of segment AB as As, and combine Egs. 3 and 4,
the result for the dislocation density rate at a node (i’ j)is:

| 4 Mer®igp ]
6" ()]s 85 = — [A(ev(®)) |5 8 + "B e -6 5)

In Eq. 5, § and é are unit vectors representing the screw and edge dislocation directions,

respectively, and @ is the unit tangent vector of the dislocation line. The dislocation density and
velocity at the element nodes (A, B, C, and D) are obtained by interpolating from the surrounding

grid points: (), (i +1,), (i,j + 1), (i = 1,j), and (i,j — 1).

We have also developed a numerical method for simulating the interaction between dislocation
lines and grain boundaries (GBs). In this method, the dislocation density flux at the GB nodes is
replaced by an equation that computes the inter-granular dislocation density flux, denoted as

J(#,6).

For this formulation, the simulation domain consists of rhombus-shaped elements with internal
angles of m/3 and 2w /3. We consider a scenario, depicted in Fig. 1b, where a grain boundary is
present such that nodes B and D of a mesh element lie on the GB. Consequently, the dislocation

3
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flux at these nodes is assumed to be zero: (pv(6))g =0 and (pv(6))p = 0. Applying this
boundary condition to the discretization scheme and incorporating the inter-granular flux term J,
Eq. 5 is modified for a node (i’ j) on the boundary as follows:

_ (ev(#.0)),

8 -0+ J(#,0) (6)

G 0)li 85 = = |~(ev (7, ), 8
It is important to note that Eqgs. 5 and 6 govern the glide term in Eq. 1. The rotation of dislocation
lines can be simulated using the approach proposed by Kalaei et al. [6], which involves computing
the velocity gradient and projecting it onto the tangent direction of the dislocation. Additionally, a
fourth-order Runge-Kutta method can be employed for the time integration.
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Figure 1. Schematic of the rhombus mesh structure compatible with the symmetry of FCC
crystals. (a) Intersections between the primary (111) slip plane and other non-coplanar slip
planes, showing the resulting mesh structure formed by the traces of these intersections. The
parallel distance between intersecting slip planes is 500b. (b) The computational stencil on the
FCC symmetry-compatible mesh and the node structure at a grain boundary. Dislocation density
flux is computed at the circled points via interpolation from the primary grid points. The line
labeled GB represents the location of the grain boundary, where nodes B and D lie on the
boundary, while nodes A and C are located inside the grain.

5. Dislocation loop expansion simulation

In the previous section, an FCC-compatible mesh structure was introduced for the simulation of
ADD. To provide an initial verification of this numerical framework, the expansion of a dislocation
loop under a constant velocity field is simulated. It should be emphasized that the numerical scheme
presented in Egs. 5 and 6 is designed for coarse-grained ADD. Consequently, the modeled dislocation
loop represents a coarse-grained approximation rather than a discrete dislocation with exact
physical dimensions.

For this simulation, Eq. 5 is used to model the loop expansion for nodes within the interior of the
domain, while Eq. 6 is applied to the boundary nodes. The simulation assumes impenetrable
boundary conditions; therefore, the inter-granular flux term, /, in Eq. 6 is set to zero. Dislocation
segment interactions are neglected in this setup, and a uniform velocity corresponding to 1b per
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time step is applied across the entire domain. The mesh size is set to 4b, the domain size to 600b,
and the numerical profile width of the dislocation lines to 5b.

Figure 2d illustrates a linear relationship between the dislocation density and time. Given the
constant velocity field, this linear growth is physically expected, thereby providing initial
verification of the proposed numerical scheme. Furthermore, Figs. 2a through 2¢ depict the spatial
expansion of the dislocation line over time. Together, these results confirm the applicability of this
numerical model for simulating mesoscopic plasticity in FCC crystals.
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Figure 2. Simulation of loop expansion under a constant velocity field. Eqs. 5 and 6 are used to
simulate loop expansion on an FCC-compatible rhombus mesh structure.

6. Conclusion

For the simulation of plasticity using Continuum Dislocation Dynamics (CDD), it is necessary to
apply a mesh structure that is compatible with the symmetry of the simulated crystals in order to
minimize numerical artifacts and inaccuracies. It is demonstrated that the symmetry-compatible
mesh for FCC crystals is a rhombus mesh with internal angles of r /3 and 2t /3. An FDM approach
is employed to numerically solve ADD, a type of CDD model. As an initial verification of the
proposed rhombus FDM, a dislocation loop expansion under a constant velocity field is simulated.

The current numerical method requires further development for multiple-slip-system plasticity
simulations, where forest hardening and the short-range interaction of dislocations play a crucial
role. Additionally, it is necessary to incorporate dislocation interactions into this framework, which
will enable the simulation of stress-driven cross-slip of screw dislocations.
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